International Journal of Applied Graph Theory
Vol.2, No.2 (2018), 16 - 28. ISSN(Online) : 2456 — 7884

Multiplicative Geometric-Arithmetic Index

Ivan Gutman
Faculty of Science, University of Kragujevac
Kragujevac, Serbia

gutman@kg.ac.rs

Merve Ascioglu
Department of Mathematics
Faculty of Science, Engineering, Uludag
Gorukle, 16059, Bursa, Turkey

mascioglu@Quludag.edu.tr

Ismail Naci Cangul
Department of Mathematics
Faculty of Science, Engineering, Uludag
Gorukle, 16059, Bursa, Turkey
cangul@uludag.edu.tr

Abstract

Let G be a simple graph with vertex set V(G) and edge set E(G). Let dy, be
the degree of the vertex u € V(G). The earlier much studied geometric-arithmetic
index of G is 3 e (@) Qdiw. We now examine its multiplicative version, namely
[Lwer@) 2 dvufll_“dcvl” and establish some of its main properties.

Key words: Degree (of vertex), Geometric—arithmetic index, Multiplicative geometric—

arithmetic index

2010 Mathematics Subject Classification : 05C07, 05C90, 92E10

1 Introduction

In this paper, we are concerned with simple, undirected and connected graphs. Let G be
such a graph, with vertex set V(G) and edge set E(G). Then |V(G)| = n is the order
and |E(G)| = m the size of G. If two vertices u,v € V(@) are connected by an edge
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e, this situation is denoted by e = uwv. In such a case, v and v are said to be adjacent

vertices, whereas the edge e € E(G) connecting them, incident to u and v.

The degree of a vertex u € V(G) is denoted by d,. A vertex of degree one is called a

pendent vertex and the edge incident to such a vertex is called a pendent edge.

As usual, we denote by P, , C,,, S, , K,,, K, s, and T, ; the path, cycle, star, complete,
complete bipartite, and tadpole graphs, respectively.

In the last decades, modeling of real life situations by means of graphs became a pop-
ular subject. One of the important application areas of this idea is the chemical graph
theory [7,12]. A molecule can be modeled by a graph by representing its atoms by the
vertices, and the chemical bonds by the edges of the underlying graph. The advantage of
this is that one can obtain information about physical and chemical properties, chemical
documentation, isomer discrimination, molecular complexity, lead optimization, chirality,
similarity, QSAR/QSPR studies, drug design, database selection, etc. of the given chem-
ical compound easily by means of a mathematical analysis, instead of time and money
consuming laboratory experiments. The pharmaceutical industry especially contributed
towards increased interest in molecular descriptors because of the necessity to reduce the
expenditure involved in synthesis, in vitro, in vivo, or clinical testing of new medicinal

compounds, saving millions of dollars for each new drug.

Chemical application of graph theory often goes via so-called molecular structure
descriptors, which are graph invariants reflecting some selected (and chemically relevant)
property of the underlying molecule. These are usually referred to as “topological indices”.
Several hundreds of such topological indices have been considered in the current literature

[9,10]. Quite a few of these are based on vertex degrees [6].

Among the vertex—degree—based topological indices, the geometric—arithmetic index
G A was found to be of particular value in practical applications (see, for instance, [2,4]).

It is defined as [13]

2v/d,, d,
weE(G) U v

Note that if E(G) = 0, i.e., if G has no edges, then GA(G) = 0. Then, for G consisting

of disconnected components G, Gs, ..., Gy,

GA(G) = Y. GA(Gy). 1)

=1
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The G A indices of some familiar simple graph classes are given as follows:

4%—1—71—3 ifG=PF,, n>3
n iftG=C,, n>3
V=i e

GAG) = | 20 G =5, n 22
(Z) ifG=K,, n>2
prevrs if G =K, 7,5 >1

1 2

2[2(T+5—4)+3\é€+é— ifG:Tr,surzgaszl'

Todeschini and Consonni [11] have suggested to study the multiplicative variants of
the topological indices. Following this suggestion, in this paper we introduce the mul-
tiplicative version of the geometric—arithmetic index, denoted by GAII(G) and defined

as

GAIl = GAII(G) =[]

: (2)
weE(G) d“ + d”

If E(G) =0, then it is both consistent and convenient to assume that GAII(G) = 1,

in which case in parallel to Eq. (1), we have

GAII(G) = ﬂ GAI(G,) .

=1

Two classical vertex—degree—based graph invariants are the first and second Zagreb

indices, defined respectively as

M(G)= S @ and MG = Y dud,.
ueV(G) weE(G)

Details on their mathematical properties can be found in the recent surveys [1] and the

references cited therein. Their multiplicative versions are [3, 5, 8]

L&) =[] & and IL(G)= ][] dud,. (3)

ueV(G) weE(G)
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It is well known that the first Zagreb index obeys the relation

M (G) = Z (dy + dy) .

weE(G)

Based on this statement, another multiplicative version of the first Zagreb index was

conceived as [3]

(&) = I (dutd). (4)

weFE(G)

Bearing in mind Eqs. (3) and (4), we immediately realize that the multiplicative GA

index is related to the multiplicative Zagreb indices as
I(G)
GA(G) — 2 V) (5)
I1}(G)

where m is the number of edges of G.

In this paper, we establish the main properties of G AIl. The structure of our paper is
as follows: In Section 2, some general results on G All, related to regularity are obtained.
In Section 3, the GAII index of some graph classes is calculated. In Section 4, we give

new inequalities on GAII.

2 Some general results

In this section, we establish some fundamental properties of the multiplicative geometric—
arithmetic index. First of all, note that as the geometric mean is always less than or equal

to the arithmetic mean,

GAII(G) <1
for all graphs G.

Theorem 2.1. Let GG be a connected graph. Then
GAII(G) =1

holds if and only if G is regular. If G is not connected, then GAII(G) = 1 holds if every

component of G is a regular graph (not necessarily of the same degree).

The following result gives an alternative way of viewing at GAII(G) in terms of the
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G AIl’s of all edges of the graph GG. Let e = uv be an edge of the graph G. Define

GAII(G,e) =
Then from the multiplicativeness of GAIl, Eq. (2), we immediately get.

GAI(G) = [] GAI(G,e). (6)

e€E(Q)

If G is not regular, then we may be able to reduce the calculation of GAII(G;) to
the calculation of GAII(Gs) for a simpler graph Gy by omitting the edges with equal

end-vertex degrees. We namely have

Lemma 2.2. Let e = uv be an edge of G and let d, = d,,. Then

GAIl(G,e) =1.

Lemma 2.2 implies that when calculating GG AII for a given graph GG, we can omit any
edge whose both end vertices have the same degree. In particular, two adjacent vertices
of degree 2 may be collapsed into a single such vertex, without altering the value of G AII.

An example of such a reduction is given in in Figure 1.

Gi Gz

Figure 1: Both graphs have the same G AIl
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3 Effect of edge addition

Theorem 3.1. Let G be a simple connected graph and let x be a vertex of G with
d, = k > 0. Let the vertices adjacent to z be uy, us, ..., u. Let y ¢ V(G). Let G + e be
the graph obtained by adding a new pendent edge e = xy to G. Then

2k+2 L k+d,
11

GAH(G+e)=(k+2)\/E 11 ey

- GAII(G). (7)

Proof: In view of the structure of the graph G, its multiplicative geometric—arithmetic

index can be written as

can(e) — 1 2% qane 8
where, in view of Eq. (6),
GAII(G, *) = 11 GAII(G, f) .
feB(q)

fé{zu1,zug,...,zuL }
In the graph G + e, the degree of the vertex x is k + 1. Therefore,
24/(k+1)d,,
GAI(G +¢) =] (—) -GAII(G + e, zy) - GAII(G, %) 9)
=1 k + 1 + duz
where because of d, = 1,

2y(k+1)-1 2k +1

GAIG +eoy) = =977~ 559

Dividing (9) and (8) we get

ﬁz\/m_zm

GAII(G +e) L Kktltdy k+2
GAIIG) ko2 /hd,
which after rearrangement yields Eq. (7). [
Note that each term T2

. . . 2%k42 - .
in Eq. (7) is less than 1 and the ratio OV taking

2k+2 | 1k _ktdy,
(k+2)Vk =1 k+1+dy,

ket 1+da,
decreasing values between 4/3 and 0. So the product

is greater
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than 1 only for the first few values of £ which means that in vast majority of the cases,
GAII(G + e) > GAII(G). We first study the case where GAII(G + e) = GAII(G):

Corollary 3.2. Let G and GG + e be same as in Theorem 3.1. Then
GAII(G +e) = GAII(G) < d,=k=1.
Proof: GAII(G + ¢) = GAII(G) means that

ﬁ k+d,  (K+20VEk
k+1l+d,  2k+2

Each term in the product on the left-hand side (LHYS) is clearly less than 1, so LHS < 1,
implying RHS < 1. Moreover, LHS is a rational number implying that vk € Z*. This

means that & must be an exact square. Let k = ¢? for t € Z*. Then

(2 +2)t

1
22+ 2 <

which is equivalent to
f@) =1t -2 +2t—-2<0.

As f(t) < 0for t <0, f(t) >0 fort > 2, f(1) = —1 and f(2) = 2, the function f(¢) has
its unique real root between ¢t = 1 and t = 2. As t € Z" we conclude that f(¢) < 0 iff
t = 1. In this case k = 1. [

Note that by Corollary 3.2, it must be d,, = 2. That is, in order to have GAII(G+e) =
GAII(G) under the given conditions, the vertex u; (the only first neighbor of the vertex
x) must be of degree 2. Note that this is in compliance with the conclusions drawn from
Lemma 2.2.

We now determine the conditions for GAII(G + ¢) > GAII(G). Clearly,

2k + 2 ﬁ k+d,, N

GAII(G + e) > GAII(G) —

If kK =1, then we have
1+d,

2 + do,

>

>~

giving d,, > 2.
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If £ = 2, then the required condition is

(1+du,)(1+du,) 2v/2
2+ du)2+u,) ~ 3

(10)

If however k£ > 3, then

k1+d, 53
+du 53

=1,08...
D24 dy, 8 ’

which means that it cannot be GAII(G + e¢) > GAII(G).
In summary, GAII(G + e) > GAII(G) holds if and only if k =1 and d,, > 3 or k =2
and relation (10) is satisfied.

In an analogous manner as Theorem 3.1, we can prove its extended version:

Theorem 3.3. Let G be a simple connected graph and let x and y be its two non-
adjacent vertices with d, = k, d, = ¢. Let the vertices adjacent to z be wuy,us, ..., u.
and the vertices adjacent to y be vy, vs, ..., vp. Let G+e¢ be the graph obtained by joining

the vertices x and y. Then

GAII(G +e) =

CGAIIG).  (11)

2k +1)(£+1) Hk:+1+d ﬁ£+1+d
(k+0+2VE( =y ktdy, 2 (+dy,

We naturally want to determine the cases where the GAII index stays invariant under

the second type edge addition. From Eq. (11) it immediately follows:

Ekt14d, 0+1+d,  (k+0+2)VEE
GAII(G +e) = GAII(G) = ] kot d. 11 (+dy,  2k+1)(+1)

i=1 j=1

(12)

Corollary 3.4. If k¢ is not an exact square, then GAII(G + e) # GAII(G).
As both products on the right—hand side of Eq. (12) are greater than 1, we get:

Corollary 3.5. If
(k+ 0+ 2)Vkt
2k+1)(+1) —

then GAII(G + e) # GAII(G). In particular, if k = ¢, then GAII(G + e) # GAII(G).

Corollary 3.6. If
2(k+1)(¢+ 1)

(k+0+2)Vkt ~ =1
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then GAII(G + e) > GAII(G).

Let us now determine some values of k and ¢ for which GAII(G + ¢) > GAII(G). Let
k = 1. Then in order to have GAII(G + e) > GAII(G), it must be

W+

(0430~

This is equivalent to
fl) =0 —100%-23(-16<0.

The only real root of this cubic equation is 12,024 .... We thus conclude that if k = 1
and 1 < ¢ <12, then GAII(G + e¢) > GAII(G). Similarly, GAII(G + ¢) > GAII(G) holds
ifk=2and 1 </<1l; k=3and1</(<12;k=4and 1< /¢ <14; k=5 and
1 <0< 15 k=6and 1 < /¢ < 16. Of course one can interchange k£ and ¢ and obtain

symmetric results.

4 GAII of some graphs

In this section, we obtain the GAII’s of some well known graph classes. The following

result follows by Theorem 2.1 using the regularity of K,, and C,.

Lemma 4.1.
GAII(K,) = GAII(C,) = 1.

We now look at some non-regular graph classes:

Lemma 4.2. For n > 3,

GATI(P,) = S
and
GAII(P) =1.
Lemma 4.3. -
GAII(S,) = (2“:1”) .

GAII(S,,) is decreasing. That is if p > ¢, then GAII(S,) < GAIL(S,).
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Lemma 4.4. For a tadpole graph T, ,

82 ifs=1
GAII(T,,) =
% it s > 1.

Lemma 4.5. For a complete bipartite graph K, q,

r+s

GAI(K,,) = (

For any fixed r, GAII(K, ) is decreasing.

5 Bounds on GAII
Theorem 5.1. Let G be a simple connected graph and let 6 and A be the smallest and

greatest vertex degrees of GG, respectively. Then

rff) < GATI(G) < ijEG).

Both equalities hold if and only if G is a regular graph.

Proof: By Eq. (5),

27 L (G) VIL(G)
CANS) = v d) - T ot d)

weE(G) weE(G)

Theorem 5.1 follows from § < %(du +d,) <A.

We now give upper and lower bounds for GAII(G) in terms of the order n, size m and
the smallest vertex degree d:
Theorem 5.2. Let G be a simple connected (n, m)-graph. Then

<ni1>m < GAII(G) < (ngl)m |

Both equalities hold if and only if G = K.
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Proof: Recall that § < d; < n — 1. Bearing in mind the definition (2), we get

M 2Y" o< q 2"V

weE(G) ( ) weE(G) 20

which implies the result. |

Theorem 5.3. Let G be a simple connected graph with p pendent vertices and greatest

vertex degree A. Then
27L
(A+1)p Am—»p’

Proof: If there are p pendent vertices, then there are p pendent edges and hence m — p

GAI(G) >

non-pendent edges. Thus,

qanG) = 2 I Y% ]
vjv; €E(G) dl +1 v;v; €E(G) dl + d]
dj:1 di,dj>1

VA d; d;

- L YA
vivjEE(G) A + 1 viijE(G) 2A
dj=1 di,d;>1
AN 1
_ o (VAN I dig
A+1 (2A)m—p o)
d;i,d;>1
st oo™ >
SN Av arpar o M
2P 2"
Z — - H 22(112 —
(A + 1)]7Am P v;€V(G) (A + 1)pA ?

where a; denotes the number of vertices of degree i. Here we use the fact that as + as +

.._{_QA:n—p_ [ |

Our next result is another lower bound for GAII depending on the order n, size m

and number of pendent vertices p:

Theorem 5.4. Let GG be a simple connected graph. Then

1 16m \™?
GAII(G )>\@ <n(n+1)2> .
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Proof:
d: -1 di . dj
GATI(G) = 2m [T Y5 I
”i""jEE(G> dl + 1 vivjEE(G) dz _'_ d]
dj:1 di,dj>1
> o ] vn—-1 11 y2n—1)
N vjv; €E(G) n v;v; €E(G) n+1
dj:1 di,dj>1
o 23'"7'271’ V1 — 1m > 23'm2—p A/ N — 1 m
= np(n+1)m—p - n-+1
N Y R S 6m "
a n(n+ 1) V2P n(n+1)2) °
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