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Abstract
Consider a configuration of pebbles on the vertices of a connected graph. A pebbling

move is to remove two pebbles from a vertex and to place one pebble at the neighbouring
vertex of the vertex from which the pebbles are removed. The pebbling number of a
vertex v in a graph G is the smallest number f(G, v) such that for every placement of
f(G, v) pebbles, it is possible to move a pebble to v by a sequence of pebbling moves.
The pebbling number of G is the smallest number, f(G), such that from any distribution
of f(G) pebbles, it is possible to move a pebble to any specified target vertex by a sequence
of pebbling moves. Thus, f(G) is the maximum value of f(G, v) overall vertices v. For
any connected graph G and H , Graham conjectured that f(G × H) ≤ f(G)f(H). In this
paper, we prove that Graham’s pebbling conjecture holds for book graphs.
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1 Introduction
Pebbling was introduced by Lagarias and Saks. F.R.K. Chung [2] developed the fundamental
concepts on pebbling and published the results in the year 1989. Hulbert published a survey
article on pebbling which enhanced the interest of researchers to explore further on graph
pebbling [4].

Through out this paper G will denote a simple connected graph. Let us denote G′s vertex
and edge sets as V (G) and E(G), respectively. Consider a configuration of pebbles on the
vertices of a connected graph. A pebbling move is to remove two pebbles from a vertex and to
place one pebble at the neighbouring vertex of the vertex from which the pebbles are removed.
Chung [2] defined the pebbling number of a connected graph G, which we denote f(G). The
pebbling number of a vertex v in a graph G is the smallest number f(G, v) that allows us
to shift a pebble to v using a sequence of pebbling transformation, regardless of where these
pebbles are located on G’s vertices. The pebbling number, f(G), of a graph G is the maximum
f(G, v) over all the vertices of a graph.

Chung [2] defined the 2-pebbling property and Wang [10] extended Chung’s definition to
the odd 2-pebbling property. Given a distribution of pebbles on G, let p be the number of
pebbles in that distribution, let q be the number of occupied vertices (vertices with at least one
pebble), and let r be the number of vertices with the odd number of pebbles. We say that G
satisfies the 2-pebbling property (respectively, the odd 2-pebbling property), if it is possible
to move two pebbles to any specified target vertex whenever p and q satisfy the inequality
p + q > 2f(G) (respectively, whenever p and r satisfy p + r > 2f(G)).

Lourdusamy et al [5], [6], [7], [8] studied that the n-cube graphs, the complete graphs, the
even cycle graphs, the complete r-partite graphs, the star graphs, the wheel graphs, and the
fan graphs have the 2-pebbling property. The following conjecture [2], by Ronald Graham,
suggests a constraint on the pebbling number of the product of two graphs.

Conjecture 1.1. The pebbling number of G × H is f (G × H) ≤ f (G) f (H).

2 Preliminaries
For the basic definitions in graph theory, the reader can read [1].

Definition 2.1. [3] Let V (G × H) = V (G) × V (H). The edge set of G × H is define as
E(G × H) = {((x, y), (x′

, y
′)) : x = x

′
and (y, y

′) ∈ E(H) or (x, x
′) ∈ E(G) and y =

y
′} and (y, y

′) ∈ E(H) or (x, x
′) ∈ E(G) and y = y

′}. The graph G × H is called the
Cartesian product of G and H .
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Definition 2.2. [12] The star graph Sm of order m is a tree on m nodes with one node having
vertex degree m−1 and the other m−1 having vertex degree 1. The star graph Sm is therefore
isomorphic to the complete bipartite graph K(1,n−1).

Definition 2.3. [11] The m book is defined as the graph Cartesian product Bm = Sm+1 × P2

where Sm is a star graph and P2 is the path graph on two nodes.

Theorem 2.4. [9] The pebbling number of Bm is f(Bm) = 2m + 4.

Theorem 2.5. [9] The Book graph Bm satisfies the 2-pebbling property.

Notation 2.6. Let p (v) be the number of pebbles on v. Let p∼(v) be the number of pebbles
placed on the vertices other than v. Further, we denote Pi as ith path and P ∼

i be the vertices
which are not on ith path Pi, where i is the positive integer. Consider the adjacent vertices xi

and xl. The notation (xi) t−→(xl) refers to taking off at least 2t pebbles from (xi) and placing at
least t pebbles on (xl). We use β to denote the destination vertex.

Definition 2.7. [3] A transmitting subgraph of a graph G is a path v0, v1, v2 · · · , vn in which
one pebble is transmitted from v0 to vn with the distribution of at least two pebbles in v0 and
at least one pebble on each of the other vertices in the path, except possibly vn. With this
distribution of pebbles one can transmit a pebble from v0 to vn.

Remark 2.8. From G, we select a target vertex β. We can easily shift a pebble to β if p(β) = 1
or p (s) ≥ 2, where s ∈ E (G). When β is the target vertex, we always assume that p (β) = 0
and p (s) ≤ 1.

3 Graham’s pebbling conjecture for book graphs
Theorem 3.1. If H satisfies the 2-pebbling property then for n ≥ 2, f(Bn × H) ≤ (2n +
4)f(H)

Proof: Let G = Bn and H = Bm. Let V (Bn) = {u1, u2, vi} where i = {1, 2, · · · , 2n}
and V (Bm) = {x1, x2, yj} where j = {1, 2, · · · , 2m}. We prove the Graham pebbling
conjecture. Let D be any distribution of (2n + 4)f(Bm) pebbles on the vertices of Bn × Bm.

Case 1. Let (u1, xk) or (u1, yj) be the target vertex where 1 ≤ k ≤ 2 and 1 ≤ j ≤ 2m.
Without loss of generality, let (u1, x1) be the destination vertex. We take n copies of Bm.
Denote {u1} × H , {u2} × H , {v1} × H, · · · , {v2n} × H respectively as H1, H2, · · · , H2m,

H2m+1, H2m+2. Let α1 be the number of pebbles on the vertices of {u1} × H1, Let α2 be the
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number of pebbles on the vertices of {u2}×H2, Let βj be the number of pebbles on the vertices
of {vj} × Hj , where 1 ≤ j ≤ 2m. Let c1 be the number of occupied vertices on {u1} × H1,
c2 be the number of occupied vertices on {u2} × H2, dj be the number of occupied vertices on
{vj} × Hj , where 1 ≤ j ≤ 2m.

If α1 ≥ f(H), then we can transfer 1 pebbles to (u1, x1). So let α1 < f(H). If α2 ≥
2f(H), then we can transfer 2 pebbles to (u2, x1) and further we can move 1 pebble to (u1, x1).
Otherwise if βk ≥ 4f(H) where k = {1, 3, · · · , 2m + 1} we can reach the target. Or any
one βs ≥ 2f(H) where s = {2, 4, · · · , 2m + 2} we can transfer 4 pebbles to (vs, xs) and
further we can transfer 2 pebbles to (u2, x1) so we reach the target. Suppose α1 < f(H),
βk−dk

4 < f(H), βs−ds

4 < 2f(H) then we have one of the following:

α1 + α2 − c2

2 +
2m+1∑

k=1, 3, ···

βk − dk

4 +
2m+2∑

s=2, 4, ···

βs − ds

8 ≥ f(H) (1)

α1 + α2 − c2

2 ≥ f(H) (2)

α1 +
2m+1∑

k=1, 3, ···

βk − dk

4 ≥ f(H) (3)

α1 +
2m+2∑

s=2, 4, ···

βs − ds

8 ≥ f(H) (4)

α1 + α2 − c2

2 +
2m+1∑

k=1, 3, ···

βk − dk

4 ≥ f(H) (5)

α1 + α2 − c2

2 +
2m+2∑

s=2, 4, ···

βs − ds

8 ≥ f(H) (6)

α1 +
2m+1∑
k=1,3

βk − dk

4 +
2m+2∑

s=2, 4, ···

βs − ds

8 ≥ f(H) (7)
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So we can transfer 1 pebble to (u1, x1).

Case 2. Let (u2, xk) or (u2, yj) be the target vertex where 1 ≤ k ≤ 2 and 1 ≤ j ≤ 2m.
Without loss of generality, let (u2, x1) be the destination vertex. If α2 ≥ f(H), then we can
transfer 1 pebble to the target. So let α2 < f(H). If α1 ≥ 2f(H) or α1−c1

2 ≥ f(H) and we
can transfer 2 pebbles to (u1, x1) then further we can move 1 pebble to the target. Otherwise
if βk ≥ 4f(H) where k = {1, 3, · · · , 2m + 1} we can transfer 4 pebbles to (vk, x1) and
then 2 pebbles to (u1, x1). Thus, we can reach the target. Otherwise we have βk ≥ 4f(H) or
βk−dk

8 ≥ f(H). We can transfer 4 pebbles to (vk, x1) and then 2 pebbles to (u1, x1). Thus, we
can reach the target. If βs ≥ 2f(H) or βs−ds

4 ≥ f(H) we can reach the destination. Suppose
α2 < f(H), α2−c2

2 < f(H), βk−dk

2 < 2f(H), βs−ds

2 < f(H) then we have one of the following:

α2 + α1 − c1

2 ≥ f(H) (8)

α2 +
2m+1∑

k=1, 3, ···

βk − dk

8 ≥ f(H) (9)

α2 +
2m+2∑

s=2, 4, ···

βs − ds

4 ≥ f(H) (10)

α2 + α1 − c1

2 +
2m+1∑

k=1, 3, ···

βk − dk

8 ≥ f(H) (11)

α2 + α1 − c1

2 +
2m+2∑

s=2, 4, ···

βs − ds

4 ≥ f(H) (12)

α2 +
2m+1∑

k=1,3···

βk − dk

8 +
2m+2∑

s=2, 4, ···

βs − ds

8 ≥ f(H) (13)

α2 + α1 − c1

2 +
2m+1∑

k=1, 3, ···

βk − dk

8 +
2m+2∑

s=2, 4, ···

βs − ds

4 ≥ f(H) (14)
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So we can transfer 1 pebble to (u2, x1).

Case 3. Let (vk, xs) or (vk, yj) be the target vertex where 1 ≤ s ≤ 2, 1 ≤ k ≤ 2n and
1 ≤ j ≤ 2m.
Let (vk, x1) be the destination vertex. Suppose βk ≥ f(H), then we can transfer a pebbles to
the target. So let βk < f(H). If βk+1 ≥ 2f(H) or βk+1−dk+1

2 ≥ f(H) then we can transfer
2 pebbles to (βk+1, x1) and then one pebble to the target. Otherwise βk+j ≥ 4f(H), where
k < j ≤ 2n or βk+j−dk+j

8 ≥ 2f(H). Then we can transfer 4 pebbles to (vk+j, x1) then 2 pebbles
to (vk+1, x1). Thus, we can reach the target. If α1 ≥ 2f(H) or α2 ≥ 4f(H) and (u1, x1)
and (u1, yj) are adjacent to the target we are done. Otherwise α1 ≥ 4f(H) or α2 ≥ 2f(H)
and (u2, x1) and (u2, yj) are adjacent to the target and we are done. Suppose βk < f(H),
βk+1 < 2f(H), βk+j < 4f(H), α2 < 4f(H) where (u1, x1) and (u1, yj) are adjacent to the
target then the following equations are true:

βk + α1 − c1

2 ≥ f(H) (15)

βk + α2 − c2

4 ≥ f(H) (16)

βk + βk+1 − dk+1

4 ≥ f(H) (17)

βk +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (18)

βk + α1 − c1

2 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (19)

βk + α2 − c2

4 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (20)
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βk + α1 − c1

2 + α2 − c2

4 + βk+1 − dk+1

4 ≥ f(H) (21)

βk + α1 − c1

2 + α2 − c2

4 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (22)

βk + α1 − c1

2 + βk+1 − dk+1

4 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (23)

βk + α2 − c2

4 + βk+1 − dk+1

4 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (24)

βk + α1 − c1

2 + α2 − c2

4 + βk+1 − dk+1

4 +
2n∑

k ̸=j and j ̸=1, j=2

βk+j − dk+j

8 ≥ f(H) (25)

Then we can reach the target.
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